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Outline 
Motivation: 
Lithium-deficient layers (LDLs) in solid electrolytes 
Applied external el. potential: 
 
• Anode:  
• Li ions vacate region near electrode 
•  Area partially or totally void of Li ions 
develops (LDL) 
 
• Cathode:  
• Vacancies fill up with Li ions 
• Area with few or no vacancies develops 
 
• In space charge regions: 
     high electric fields, reduced conductivity 
      Limits the performance of the battery! 
Numerical study: Ideas for improved battery 
concepts leading to higher power density? 
Properties of the model (I) 
What properties should the model have? 
 
 
 
• As general as possible (e.g., material independent) 
 
• Usable in a full-cell model 
 
• Easily extendable to include more physics 
 
• Accurately describe dynamics inside LDL 
 
• Consistent with laws of physics and thermodynamics [1]! 
[1] W. Dreyer et al, Phys. Chem. Chem. Phys. 15, 7075 (2013) 
Properties of the model (II) 
How is the model realised mathematically/physically? 
 
• Li ions and vacancies modeled as a continuum 
 
• Simplifications: 
 
• Isothermal condition 
 
• Only one type of vacancies 
 
• Based on first principles only: 
 
• Mass conservation:                       𝜕𝑡𝜌𝛼 + 𝛻 ⋅ 𝜌𝛼𝒗𝛼 = 0 
 
• momentum conservation:                   𝜌?̇? = 𝛻 ⋅ 𝑻 + 𝜌𝒃  
 
• Energy conservation: 𝜌𝜖̇ = 𝛻 𝑻𝑇𝒗 + 𝜌𝒗 ⋅ 𝒃 − 𝛻 ⋅ 𝒒 − 𝑬 × 𝒗 × 𝑫 + 𝜌𝜌 
 
• Entropy inequality:                         𝜌?̇? + 𝛻 ⋅ 𝑱𝑠 − 𝜌 ℎ𝜗 ≥ 0 
 
• Free-energy functional constitutes closure of the system: 
𝜌𝜌 = 𝜌𝜌𝑅 + 𝜌𝜌𝑝 + 𝜌𝜌𝑝𝑝𝑝 + 𝑘𝐵𝜗 𝑛𝑐 ln 𝑛𝑐𝜈 + 𝜈 − 𝑛𝑐 ln 𝜈 − 𝑛𝑐𝜈  
𝜌…  mass density 
𝛼…  particle index 
𝒗 …  velocity 
𝑻…  stress tensor 
𝒃…  body force 
𝜖…  energy density 
𝒒 …  heat flux 
𝑬 …  electric field 
𝑫…  electric displacement 
𝜌 …  body heat 
𝑠 …  entropy density 
𝑱𝑠  …  entropy flux 
𝜗 …  temperature 
𝑘𝐵  …  Boltzmann constant 
𝑛𝛼 …  density of particle α  𝜈 =  1 − 𝑛𝑎 
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Li ion hopping 
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Li ion hopping 
Thermodynamic 
consistency! 
1D stationary boundary value problem 
potential difference Δ𝜙 
solid electrolyte 
metal anode metal cathode 
𝑧 = 0 𝑧 = 1 
Set of equations: 
 
 𝜕𝑧 𝜇𝑐 −
𝑚𝑐
𝑚𝑎
𝜇𝑎 −
𝜈
𝑛𝑎
𝜇𝑣 + 𝑧𝑐 − 𝑚𝑐𝑚𝑎 𝑧𝑎 𝜕𝑧𝜙 = 0 
 
 𝑎2𝜕𝑧𝑝 = −𝑛𝐹𝜕𝑧𝜙  
                               𝜆2𝜕𝑧𝑧𝜙 = −𝑛𝐹 
 
𝜇𝛼  … chemical potential 
𝑛𝐹 … charge density 
𝜙, 𝑝 … el. potential and pressure 
𝑧𝛼 ,𝑚𝛼  … particle charge and mass 
𝑎, 𝜆, 𝜖… parameters 
𝐹 𝑛𝐹 ,𝐻 𝑛𝐹 … coefficient functions 
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Electroneutrality: 
 
� 𝑛𝐹𝑑𝑧 = 01
0
 
Boundary conditions: 
 
𝜙 𝑧 = 0 = 𝜙𝐿;𝜙 𝑧 = 1 = 𝜙𝑅 
 
𝑝 𝑧 = 0 = 𝑝0 
𝜇𝛼  … chemical potential 
𝑛𝐹 … charge density 
𝜙, 𝑝 … el. potential and pressure 
𝑧𝛼 ,𝑚𝛼  … particle charge and mass 
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from entropy principle 
momentum 
balance 
Poisson 
equation 
Semi-analytical solution: 
𝒛 = � 𝑭 𝒏�𝑭 𝒅𝒏�𝑭
𝝐 + 𝟐/𝝀𝟐(𝑯 𝟎 −𝑯 𝒏�𝑭 )𝒏𝟏𝑭𝒏𝟎𝑭  
Results (I): Cation and potential distributions 
• Li1+x+3zAlx(Ti,Ge)2-xSi3zP3-zO12 [1] at 4.0𝑉: space charge layers ∼ 400 − 600 nm  • Potential variation on same length scale as density variation 
Experiments by Yamamoto et al [2]:  
LDL ∼ 1𝜇m (for Li1+x+yAlyTi2−ySixP3−xO12) 
 
Classical PNP-theory: 
LDL ∼ 1 − 10 Å 
[2] K. Yamamoto et al, Angew. Chem. Int. Ed. 49, 4414-4417 (2010) [1] Courtesy Y. Inda, Ohara Inc. 
Results (II): different electrode potentials 
• electrode potentials were varied between Δ𝜙 = 2.0𝑉, 3.0𝑉, 4.0𝑉 
 
• Changes of the order of a factor ~2 in a real battery possible  
Li1+x+3zAlx(Ti,Ge)2-xSi3zP3-zO12: 
Anode Cathode 
Results (III): different material parameters (varying 𝝀) 
• 𝜆 = 𝑘𝐵𝑇 𝜖0(1+𝜒) 
𝑛𝑅𝑒0
2𝐿𝑅
2 ∼
Debye length
system length 
 
• 𝜆 mainly determined by dielectric properties of the material (𝜒) 
 
      (𝜒 can differ by orders of magnitude! 𝐿𝑎0.5𝐿𝑖0.5𝑇𝑖𝑂3:   𝜒 ∼ 105, 𝐿𝑖𝐿𝑂3:   𝜒 ∼ 102)  
• LDL ∼ 10 𝜆  (in a fluid: ∼ 𝜆!)  
 
Dielectric properties are main influencing factor for LDL! 
Anode Cathode 
Conclusions 
• A thermodynamically consistent model for ion transport in a solid 
electrolyte was derived 
 
• Predictions for the width of the LDL are roughly of the same order of 
magnitude as experimental findings for similar parameters 
 
• Main influencing factor are the dielectric properties,  
     external potential difference and other factors plays only minor role 
Outlook 
• Numerical implementation for solution of full time-dependent problem under 
way 
 
• Possibility to “tailor” materials regarding dielectric properties  
Thank you! 
